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Problems relating to the analysis of instability and asymptotic stability are considered for non-steady systems of ordinary differential
equations, solved for the derivative. It is assumed that the right-hand sides of the system converge uniformly as the time increases
without limit, tending to certain functions of the phase variables. Propositions are proved analogous to those of Lyapunov’s second
method [1-7] for steady systems, but the condition that the derivative of the Lyapunov function be sign-definite is relaxed. Instead,
the derivative is required to be of constant sign, and a certain algebraic condition, which may always be verified directly, is imposed
on the Lyapunov function. © 2004 Elsevier Ltd. All rights reserved.

1. A CONDITION THAT POINTS OF ®-LIMIT SETS MUST SATISFY

Consider the system

L

% = 0t,x), 0St<e, xeB, €R" vr,x)e Cp' (R}, xB,) (1.1)

where B, is a certain open sphere in R” with centre at the point xy = 0 and radius &,
Suppose the functions v;(t,x) (i = 1, ..., n) in system (1.1) converge as ¢ — o= uniformly in the domain
B, to the functions v} (x):

(1, x)3v*(x) vf(x)e C"(B,), m20, i=12..,n (1.2)

t—> o0

We shall say that such systems belong to class . For every system (1.1) of class ¥, in the domain
(t, x) C R, x By, conditions hold for the existence and uniqueness of solutions and their continuous
dependence on the time ¢ (this property will be repeatedly needed below) and on the initial data [3].

Lemma 1. Suppose that, for some trajectory x(¢; 7, £), 0 < 7, £ € B, of a system (1.1) of class ¥, one
can define a non-empty o-limit set n(7, £) C B, which is a subset of a level set of a function F (x) =
Cl(B,).

Then

(i, %) {x: lim B[F1v(t, x) EDL[Fl(x) = 0}

Proof. By virtue of the convergence (1.2) and the condition F(x) € Cl(BEU), the function

lim dF(x)/dt|, ,, = Dy F(x)

{00

is well defined in the domain By,

We will show that under the assumptions of Lemma 1 the set 7(Z, ) is a subset of the zero level of
this function.

Since a limit set is always closed and the sphere B, is an open set, it follows that for every number
g, there is a number &, < gy such that

n(, %) c B; < Bz c B,
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208 N. B. Grigor’yeva

A number M > 0 exists such that

vi(t, x)| <M, V(,x):t20, xeB,, i=1,..,n 1.3
i €

Indeed, suppose the contrary, that is,

Ji*: 31,20, 3x, € B [v(t,, x,)| >N, VN (1.4)

The sequence {x,} in the compact set B; always contains a convergent subsequence, so that we may assume,
without loss of generality, that {x,} — x%, x( ) e B;,.

There are two possibilities for the sequence {¢, }

(1) the sequence {t,} is bounded above by a number 7' > 0: ¢, < T, Vn;

(2) the sequence {t,} contains a subsequence {7,,} — o, f;,1 > .

In the first case, assumption (1.4) contradicts the fact that the function v;+(¢, x), being by assumption continuous
in the compact set {£,x: 0 < ¢ < T, x € Bg,, is uniformly bounded there. Consequently, assumption (1.4) may only
hold if the second possibility holds.

Since xX¥ € B;,, it follows from the condition of uniform convergence V;=(f, x) =3 v}«(x) in the domain B, that

t— oo
ve Jt(e, x), 8(e, x¥):

(0))l ( )) (1-5)

V(t, x) - VE(x ) <€ Vx: ‘x—x(0)| <3$, t>1:(£,x0

Fixsomee = £ > 0.
Assuming that the second possibility holds, we infer from the convergence condition {x,},, _, .. — x@ that

ANy: Ym > Ny: |5, - x| <88, ¥y, 7,518, x®) (1.6)
where {%,,} is the subsequence of {x,} corresponding to the subsequence {7,,} of {z,}. Reasoning now from condition

(1.5) with € = &, in view of condition (1.6) and the boundedness in B;, of the function vix € C(By,), we obtain a
contradiction to assumption (1.4), proving the validity of the estimate (1.3).

Now suppose Lemma 1 is false:
ke n(h, 8); x| < DY F(x*) 20 (1.7)
Let 3{VF(x*) = 20 without loss of generality, we shall assume that o > 0.

It follows immediately from the fact that system (1.1) is of class ¥, in view of the continuity of the
function F(x) in the domain B,, that the convergence of the function

F(t,x) = gxf v (¢, x)
%

as t — oo to the function BV[F(x*)](x) is uniform in the domain B;,. Therefore,
AT, = To(x*, ) >0, §; = dy(x*, @), |x*|+3,<g:

) ' 1.8

IF(t, x)—Qbf,f)F(x*)l <o Vx:lx—x* <8, Vi>T, (1)

Hence we have
F(t,x)>0 Vx: |[x—x*<§),, Vi>T, (1.9)

By assumption, x* is a limit point for the trajectory x(#; 7, ), and hence an increasing sequence
{t} — oot {x(t,; 7, )} — x* exists. Thus, for the numbers &, and T of (1.9) we obtain

AN, = Ni(8g, To): |x* - x(t,3 1, %

<8y/2; t,>Ty Vn>N, (1.10)
Let us now assume that for some number ny > N;

et = x(1, +1; 1, %)| < (3/4)8), Vt>0 (1.11)
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Then estimate (1.9) is valid along the trajectory x(¢; 7, £) (the trajectory is by assumption defined
throughout the interval R};) beginning from the time 1, We therefore have

F(x)!x”(,noﬂ; in> F(x)|x=x(t”0+t; iptar V>0

But this, together with the assumptlon (1.11), as well as the condition [x*| + Jy < & in assumptlon
(1.8), contradicts the boundedness in the compact set By, of the function F(x), which is continuous in
Bg, C B,,. Hence assumption (1.11) is false. Thus, for all n> N a finite value of 7, > 0 exists such that
the trajectory x(t; 1, %), emanating at time ¢ = ¢, from the point x(Z,; Z, 2), first intersects the sphere
|x —x*| = (3/4)8, at the time ¢, + T,

Jt, <oo |x(t, +1,; 1 %) —x* = (3/4)8,, Vn>Ng;

|x(r, + 1, % %) — x*| < (3/4)8,: 0< 1 <7, (1.12)

Next, taking into account that {x: |x —x*| = (3/4)8,} C B, (see the corresponding condition in (1.8))
we deduce by virtue of the estimate (1.3) that for any pomt x of the sphere |x — x*| = 8y/2 and
any time ¢ > 0, the time in which a trajectory of system (1.1), emanating at time ¢ from the point x,
will succeed in reaching the sphere |x — x*| = (3/4)8,, is no less than a certain quantity t5(x*) =
(1/4)5M\n > 0.

By conditions (1.10) and (1.12), this implies that

1,210, Vn>N, (1.13)

It now follows from the conditionx* € n(7, x) C Bs,, the continuity of the function F(x) in the domain
B;,, and the convergence {x(t,; f, £)},_,.. —x*, that

IN,: |F(x(t,: 1, %)) - F(x*)| <aty/2, Vn>N, (1.14)
The numbers o and 1, were defined above.
As a result, from conditions (1.10), (1.2), (1.9), (1.13) and (1.14), we obtain
L,+1,
F(x(t,+ T3 3) = Fx(t; 3+ [ F(o x(t 8 %)de>
' (1.15)

n

> F(x(t,; }, %)) + 0Ty > F(x*) + aty/2, Vn>N, = max{N,, N,}

On the other hand, since the sequence {t,} — oo, while for any n > Ny the number 1, > 75 > 0 is
finite, we can extract from the sequence {¢, + 7,} a monotonically increasing subsequence that tends
to infinity:

An(m): N> N: Ty = tymy + Tngmy: Tre1 > 1 {Tn} = o
In turn, all the points Xty + Tuemy; 5 £) = x(Z; 1, £) lie, by construction, on the sphere |x ~x*| =
(3/4)8y, and therefore we can extract from the sequence x(%,; , £) a subsequence {x(i; 7, £)} which

converges to some pointx**: |x* —x**| = (3/4)/8,. Now, for every s, {x(Z; #, %)} is a point of the trajectory
{x(t; £, %)}, and the sequence {7} — o, as a subsequence of {f,}, tends to +eo; hence

x** e n(i 1)
By the assumptions of Lemma 1, we may therefore conclude that
F(x*) = F(x**) (1.16)

At the same time, by virtue of the continuity of the function F in the domain B;,, the condition |x*| +
8y < & in (1.8), the first condition (1.12) and the estimate (1.15), we conclude that the following estimate
holds at the point x**, as a partial limit of the sequence {x(z, + 1,; 7, £)}

F(x**) 2 F(x*) + 0Ty/2, aTy/2>0

But this contradicts equality (1.16).
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Thus, assumption (1.7) is false, and this proves Lemma 1.

Suppose now that, under the assumptions of Lemma 1, F(x) is a function of class C? in the domain
B, Then, if m = 1, we have @[F](x) € C'(B,,). Thus, Lemma 1 may be applied in this case twice in
succession: first to the function F(x) and then to the function B{V[F](x).

In the case of a system (1.1) of class % and a function F(x) € C" * 1(B£0), Lemma 1 may obviously

be applied successively s + 1 times. This follows immediately from the formulation of Lemma 1 and
the fact that, in that case, the condition
®(x)e CP(B,), Vp:2<p<m+l
implies
2L [@](x) € C”7'(B,)
Thus, the following proposition holds.

Corollary 1. Suppose that, under the assumptions of Lemma 1, F(x) is a function of class C" * 1(330)-
Then
n(} 2) < {x: DL [F1(x) = 0, DL [F1(x) = 0, ..., B4 D[F](x) = 0}
where
87" VIFI(x) = 2419 [FII(x)

the function %V[F](x) being defined as in the statement of Lemma 1.

We now note that any dynamical system ¥ = -@(x),x € R" with autonomous field of velocities of class
C™(B,,) is necessarily a system of class . Therefore, obviously, all of the previous exposition
automatically carries over to the autonomous case. Corollary 1 of Lemma 1 becomes

Corollary 2. Suppose that, for some trajectory g‘(%) of an autonomous system (1.1) defined by a field
of class C™(B.,), an w-limit set 1(%) exists, all of whose points lie in the open sphere B, and to a level
set of a function F(x) € C™ * (B, ). Then

ME) c{x: BFx)=0,k=1,...,m+1}

where @PF(x) is the pth Lie derivative of F(x) along trajectories of the system (1.1) under consideration.
This elementary fact may obviously be proved without the use of Lemma 1.

Lemma 2. LetJ be an invariant set of system (1.1) such thatJ € R, X B, is a subset of a level set
of a function F(t,x) € C™ * {(R};; x B,). Then the setJ is a subset of the common zero level set of the
functions QDkF(t, x)k=1,..,m+ 1),J € {( x) QbkF(t, x)=0,k=1,2, ..., m + 1}, where
9BPF(t, x) is the total pth derivative of the function F(¢, x) along trajectories of Egs (1.1).

Proof. By the condition J &€ R{; x By, we have
3y <€y J < (R,y X B ) € (R{;; X Be,) € Ry X By
By the conditions

;€ C"(Ri,;x B, ), F(t,x)e C"" (R}, xB,)

all the functions @PF(t,x) (p = 1, ..., m + 1) are well defined in the domain Rf,; x B, We will show that the set
J is a subset of their common zero level.

Let (2, 2) be an arbitrary point of the set J. Consider a trajectory x(¢; 7, £) of system (1.17) and a sequence
{tihSw = EVKE <t 1 <1y

By assumption, the point (¢, x(t; , %)), V¢ > i belongs to J, and therefore

F(t, x(t; 1, %) = FG, %), Yk =1,2,...

Hence, noting that
&

F(tp x(4; 1,8)) = F3, )+ [F(t, x(5 3, 3)dr
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and that, as a consequence of the condition / C (Rf; x B,), the whole semi-trajectory (7, x(, £, £)), T = 7 lies in
the continuity domain of the function F (¢, x), we obtain
3t2”: i< t,((l) < F(s, x)]t_(

(D, D s oy
o x=x(y 1 8)

Next, for functions vz, x) continuous in the domain R}, x B

: we conclude that they are bounded in the compact
set {(t,x): i<t<t;,x € By}

&y

IMy: [o(t, x)| <My, Vi, 1<1<1, Vxe Bz, i=1,..,n

Hence, in view of the conditions

5 _ (1 1 . -
t<t,(()<tkSt1 and (tfc ),x(til); i) e Je BgOXR;

we obtain

g-x(tV; 1 3)| < Sy - )
This last inequality, together with the conditions 7 < tz,? <t and {t;} — 1, implies that {t{"} — 7 and x(z{;
7, ) — %. Therefore, taking into account the form of the function F at the point (7, 2) € By, we obtain

(FG,X)=0)=F(,x) = 0, V(,x)e ]

In exactly the same way (repeating the previous reasoning verbatim except for the substitution F(z, x) — F(t, x)),
we conclude that @@F(z, x) = 0, ¥(t,x) € J, and so on, all in all m + 1 times. This proves the lemma.

The assumptions of Lemma 2 may obviously be weakened, but that is not essential here.

In the autonomous case, any @-limit set is automatically invariant. In that case Lemma 2 immediately
implies the proposition stated in Corollary 2.

In the non-autonomous case, unlike the autonomous case, a limit set need no longer be invariant.
In that case, therefore, Lemma 2 does not imply any propositions regarding the limit set.

This is also true in the case of a system (1.1) of class J: There is no implicative relation between
Lemmas 1 and 2. However, the case of systems of class J{ differs from the general case in that here,
nevertheless, it proves possible, as shown above, to achieve an analytical formulation of the equations
that must be satisfied by points of the appropriate limit sets. Note that the functions 2*[F](x) in Lemma
1 (and Corollary 1) are simply the kth Lie derivatives of the function F(x) along trajectories of the
autonomous system x; = v} (x), where the functions v} (x) are the limits as  — o of the functions
v;(t, x) that define the non-autonomous system (1.1) considered in Lemma 1.

In that connection, the following remark may the made. Let the C2 -functions v(z, x) defining system
(1.1), which has a unique equilibrium position xq = 0, converge as ¢ — +e= uniformly in R” to functions
that are analytic in R”, say v} (x). If at the same time the system x; = v} (x) does not have invariant sets
other than x, = 0 which are subsets of level sets of an analytic function F(x), then system (1.1) does
not have any trajectory whose w-limit set is distinct from xq = 0 and is a subset of some level set of
E(x).

Indeed, supposing the contrary, one arrives at a contradiction using Lie’s formula and taking Corollary
1 into consideration.

We also note that all the propositions of Section 1 remain valid in the case when the limit (or invariant)
set consists of only one point.

2. WEAKENING THE CONDITION OF THE SIGN-DEFINITE
DERIVATIVE IN LYAPUNOV’S FIRST INSTABILITY THEOREM AND
ASYMPTOTIC STABILITY THEOREM, AND IN ANALOGUES OF
KRASOVKII’'S AND BARBASHIN’S THEOREMS

Lemma 1 may be used to weaken the stipulation made in certain theorems of Lyapunov’s second method
that the derivative of the function V" must be sign-definite.

Throughout what follows, the properties of stability, instability, uniform stability and uniform
asymptotic stability being considered (or used) will be understood in the usual sense, that is, in
accordance with Lyapunov’s definitions [1]. Let us recall them briefly.

The zero equilibrium position xq = 0 of system (1.1) is said to be stable if, for every arbitrarily small
number ¢ > 0 and every time £y, = 0, a number & = 8(g, #y) exists, such that, if |x,| < (&, ), then
lx(t; tg, Xo)| < &, Vt = £, If the number § is independent of the time ¢, depending only on the value
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of e: & = §(g), the zero equilibrium of system (1.1) is said to be uniformly stable, and in the case when,
in addition, some neighbourhood of zero @ C R" exists, such that

lim |x(5; 1, )| — 0, Vx¥ e B, Vi,>0
f— oo

the solution xy = 0 is said to be uniformly asymptotically stable.

In turn, if x; = 0 is the zero equilibrium position of system (1.1) and a pair of numbers ¢ > 0,
to = 0 exists, such that for every & > 0 a point x?; IX®[ < & and a number ¢ > #; exist, such that
|x(z, 10, xX@)| > &, then the equilibrium x, = 0 is unstable.

2.1. Weakening the sign-definiteness condition imposed on the derivative in Lyapunov’s first instability
theorem

Proposition 1. Let xy = 0 be an equilibrium position of system (1.1), and assume that the right-hand
sides of the equations satisfy the conditions

vt x) € Coy (Rfyx Be)), (1, %) 793 vF(x), vf(x)e C"(Bg), m20

t—> oo L
Suppose for system (1.1) that a number #, > 0 and a number }{z, x) exist:
V(t,x) € C (RjyxB,), V(1,0) =0, Vr

v, x)? V¥(x), V*(x)e C""'(B)

> +o0 £

such that

(M) VE,x)20,Vizty,xe B ;
(2) V8 3xg), Ixg) < 8: V(ty, x5) >0
(3) for any ¢ > 0, the algebraic system

(V*(x) =, BP[V*](x) =0, p=1,2,..,m+1} 2.1)
where
%1 = DD

has no solutions in some neighbourhood of zero in R".
Then the equilibrium x; = 0 is unstable.

Proof. We shall assume without loss of generality that for no ¢ > 0 does system (2.1) have solutions
in the domain B, '

Suppose the equilibrium x = 0 is stable. Then, first, 8 > 0 exists, such that each trajectory x(¢; t, £),
% € Bj(0) is defined over the entire time axis R{;, and, second

Vedd(e, t,) < 5= |x(¢; 19, )| <€, Vt2t,, Vie Bg (2.2)

Now fix some number & > 0, $ < d(ep/2, tp), (O(g0/2, 1) < 3). Let x(3) be the point of condition 2
corresponding to the number 0.
Then the trajectory x(t; o, x(3)) of system (1.1) may be continued to the entire time axis Ry, and

x(t; g, X 5) € Be jp,  VE21g (2.3)

®
Consequently, one can define for that trajectory a non-empty limit set

T(tg; X5)) # D, Wky; X3) © B2 B, (2.4)
There are two possibilities: the set (2.4) consists of a single point x = x; (Case 1) or of more than
one point (Case 2).
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Consider Case 2. Let

x1€ 117([0, x(s) 5 X2E n(to, x(s) N xl¢x2
We have
! 1
HY, oo X1 x5} 25 1= 1,2 25)
Now suppose that
VE() # VE(xy),  VE(x) > VE(xy) 2.6)

The uniform convergence condition V{¢, x) = V*(x) in the domain By, and the condition
t o0

X, € Tty x(s)) S B, xy€ n{ty; x(s)) C B,
imply, in view of the convergence (2.5), that
M. 0. =
Vs x5 e x5 )L 2 Vi), 1= 1,2 (2.7)

It follows from condition 1, in view of condition (2.3), that from a time ¢ = £, on, V{(¢, x) is a non-
decreasing function along the trajectory x(z; to, x(5)):
V(15 x(Ty; 1, x(&))) 2 V(T x(Tq; 2, x(S))) 2 V(t,, x(s)), V1,1, 1T, 2T, 21, (2.8)
At the same time, one can always extract from the sequences {tg)} — oo subsequences {FDY > o
({ = 1, 2) such that

f <t(1) (2)<t§,121, Vp=1,2,.. (2.9)

Hence, on the basis of inequality (2.8), we have

(2) (2)

(1)
( P’ t()y x(a))) > V(t

V(i x(Ty st xg)) VP = 1,2, (2.10)

Taking the convergences (2.7) into consideration, we obtain
v ~() ~(l)
{ (t ) (tp ,to,x(s) } "9 V* (xl) l = 1,2 (2.11)

Thus, conditions (2.10) and (2.11) imply the inequality F*(x,) = V*(x;), contrary to assumption (2.6).
Similar reasoning clearly leads to a contradiction from the assumption that V*(x() > V*(x,).
As a result, we obtain

V¥(x)) = V¥(xy), Vax € w(1, X5 Vx, € (ty x5, (2.12)
Now it is also true, by inequality (2.8), that
V(E; x(5; g, %)) 2 V(g x5)) € € cg, V1200

where by condition 2 the number Cy, ) is positive. Therefore, as a consequence of the convergences
(2.5) and (2.7), we obtain

V*(x,) = V¥(x,) = C(,o’x(?”)zc(,0 .. )>O Vx, € n(ty, X)) Vx, € n(tg, X5 (2.13)

Turning now to Case 1, we see that condition (2.12) is always satisfied (automatically), and taking
inequality (2.8), condition 2, and the convergence

V(e x(5; 10, X 5))) 2 V*(x))

©)

into consideration, we obtain
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—_ *
V*('xl) = C(,O’ x(s)) Z C(IO’ X(S)) > O

Thus, condition (2.13), or the inclusion relation

Tty x5) © {22 V3(x) = CF, >0}

is satisfied for the set (2.4), irrespective of which of cases 1 or 2 holds. But then the trajectory
x(t; tg, x¢3) and its o-limit set (2.13) satisfy all the assumptions of Corollary 1 of Lemma 1 for 7 = f,
% = x(3, F(x) = V*(x). Consequently, all the points of the set nt(to, x3)) satisfy the algebraic system (2.1)
with C = C(, wg) > 0. However, ni(fy, x(3,) C B, and (g, x(3)) # &, and therefore, by condition 3, such
a set cannot satisfy that system of equations. Thus assumption (2.2) is false, and the equilibrium x; is
unstable, which it was required to prove.

Proposition 1 corresponds to Lyapunov’s first instability theorem. In a sense it is a certain supplement
to that theorem in the case of systems (1.1) of class .

However, Lyapunov’s theorem is universal in nature and is applicable in the general case of arbitrary
systems (1.1). This is of course no longer true for Proposition 1, in the sense that in the general case
of arbitrary systems one cannot formulate an analogue of Proposition 1.

Examples. 1. Consider the system

X1 = x4 2x3+ f(x, 1)

Xy = Xo—2x; ¥ folx, 1)

Xy = =2x +4x,—4xy+ f3(x, 1)

where the functions f;(x, £) (i = 1, 2, 3) are uniformly convergent as { — +<o in some neighbourhood of the point
x = 0 to functions f#(x) € C'(0), and let V = (x} + x3 — x3)/2.
We have

; 2
Vo= (0 +2x3-x) +x,f1 + x5, (52— %313
If
X f1+x3f3—%3f3 = (x1+2x3—x2)2g(x, t), g0,t)=0, gxte C(R(,}XO)

then V' = 0. Condition 3 of Proposition 1 is also satisfied in this case, since the Jacobian of the transformation x
— v*(x) is defined in the relevant neighbourhood of the point x = 0 and does not vanish. Hence the equilibrium
Xo = 0 is unstable.

2. Consider the following system, which may be categorized as a “critical” case

X = —xp+x3+ f1(x, 1)

= _2 2

Xy = =20+ (x; —x,) fa(x, 1)
. 2

X3 = 2xy+ (x—x,)

where

0,0 =0, fix0) —(—?)f;k(x)’ fixe c'(0), =12
filsn) = o(x)), fy(x )€ C(Ryyx0)

Letting V = x, + x5, we have IV = (¥; — x,)[1 + fo(x, )], and therefore, in some neighbourhood of the
point xy = 0, we have ¥ = 0. Condition 3 is also satisfied here, so that, by Proposition 1, the equilibrium xp = 0
is unstable.

Note that the differentiability of the functions f*(x), as well as the uniform continuity at x = 0 of the
functions g(x, f) and fo(x, t) in the first and sccond of the above examples, respectively, are essential
conditions.
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We will now consider a few special cases.
The autonomous case. In the autonomous case Proposition 1 takes the following form.

Proposition 1a. Letx, = 0 be an equilibrium position of the system

i=0x), i=12..,n 0(x)e Cm(Beo) (2.14)

where B, C R" is an open sphere centred atx, = 0, of radius &,. Suppose system (2.14) is such that a
function V(x) € C™ * '(B,,), m = 0, V(0) = 0 exists for which

(1) V(x)=0,Vx € B

(2) VSEX(S), IX(5)I <o V(X(5)) > (;

(3) for any ¢ > 0, the algebraic system

V@) =, 9PW(x) =0, p=1,2,...m+1} 2.15)

where Qbk(V)(x) is the kth Lie derivative of the function V" along trajectories of system (2.14), has no
solutions in some neighbourhood of zero in R”.

Then the equilibrium xy = 0 is unstable.

Proposition 1a, as a formal corollary of Proposition 1, may naturally be proved directly as well, without
reference to Proposition 1, just as Corollary 2 of Lemma 1 may be proved directly, without using the
lemma (see Section 1).

Indeed, the stability assumption implies the existence of w-limit sets T(x) =D, Txs) C Be,
(where x5, are the points in condition 2) which, by condition 1, are subsets of certain level sets
{W{(x) = ¢ > 0} of the function V. But then Corollary 2 of Lemma 1 (see Section 1) yields a contradiction
to condition 3.

The problem of weakening the condition of Lyapunov’s first instability theorem and asymptotic stability
theorem that the derivative be sign-definite has been studied for the autonomous and periodic cases
by Krasovskii [5]. Proposition 1a is a corollary of an analogue of Krasovskii’s instability theorem [5, 7],
and Lemma 2 is thus a certain extension of Krasovskii’s theorem.

We also mention that Proposition 1a differs from the formulation of Lyapunov’s first instability
theorem for the autonomous case in that the condition

V(x)>0, Vxe B, (2.16)

of Lyapunov’s theorem is replaced by the combination of condition (2.16) and the condition that the
algebraic system (2.15) should have no solutions in the domain B, for any ¢ > 0. This latter condition,
however, may always be verified directly in each specific case (based on an analysis of the given functions
o;(x) and the function V) in an explicit analytical form. Moreover, if m = n — 1, it holds almost everywhere.

The degenerate case. Let us consider the degenerate case, in which the function I"*(x) occurring in
the assumptions of Proposition 1 vanishes identically. Then condition 3 is automatically satisfied, the
convergence condition v;(z, x) 2. V#(x) as t — o becomes superfluous, and Proposition 1 becomes
the following statement.

Suppose a system X; = v,(t,x), (i = 1, ..., n), having an equilibrium position xy = 0, is such that for
some C_‘l—function (¢, x), V(t, 0) = 0, and some number #;, > 0, the following conditions are satisfied:

(1) V =0,Vt=ty, Vx € By

(2) V83xg), |x5)| < 8: Wty X)) > 0, where the C-function V{#, x) converges to zero as  — oo uniformly
in the domain B,

Then the equilibrium x; = 0 is unstable.

This proposition is analogous to a previous theorem of Persidskii [4].

2.2. Weakening of the sign-definiteness condition in Lyapunov’s asymptotic stability theorem and in the
supplement to Krasovskii’s theorem
Suppose for some system (1.1) of class ¥ a function V(z, x) exists which satisfies all the conditions of
Proposition 1. In that case each of the trajectories x(t; #y, x(3)), 8 < €0/2, where x5 is the point in condition
2 of Proposition 1, will at some time #(5, > ¢, intersect the sphere |x| = €y/2 (see above).

If that is the case for any point x # 0 of the domain B, and any ¢;, and if the solutions of system
(1.1) are continuable to the entire negative time axis, then, one the basis of the proof of Proposition 1,
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we may conclude that the motion in system (1.1) is then the reverse of the motion in a system with an
uniformly asymptotically stable equilibrium position xy = 0. (This case is naturally a special instance
of the general case of motion with unstable x,, regarding which Proposition 1 was formulated.)

In other words, if the function V{¢,x) in Proposition 1 is positive-definite, then, making the replacement
= 0 — = 0 in condition 1, we obtain

Proposition 2. Let system (1.1) be a system of class ¥ for which a number ¢, > 0 and a CL *function
V(t, x): Ry x Be)) — R; V{2, 0) = 0, V¢ exist, which converges as t — 0, uniformly in the domain By,
to a function V*(x) € C™ * '(B,,) and moreover satisfies the following conditions:

M V(t,x)<0Vt=1, Vx € B;

QW x)=Wx)>0Vt=0,Vx €EB,x2x5 =0, W(xp) =0

(3) for any ¢ > 0, there is a neighbourhood of xy = 0 in R” in which the algebraic system (2.1) has
no solutions.

Then the equilibrium x; = 0 is uniformly asymptotically stable.

Proof. The method of proof is the same as that used to prove Proposition 1.

As in the proof of Proposition 1, we may assume without loss of generality that the domain occurring
in condition 3 contains B,

By the condition that the function V'(¢, x) converge uniformly as ¢ — +eco in the domain B, we have

VedT(g), §,(€) Vx: |x] <8,(8), Vi>T(g)

)V(t, x)— lim V(t, 0), = lV(t, x)l < g (217)

By the continuity of the function V{¢, x) in the domain 0 < ¢,x € B, thanks to which this function
is continuous in x, uniformly in ¢ for 0 =< ¢ < T(g) is the number in condition (2.17), we have

38,(e) = 8,(T(e), &) : Vx: |xl <8,(e) Vt: 05t <T()
[V(t,x)-V(£,0) = |V(t,x)| <€
Conditions (2.17) and (2.18) imply
Ve 38(e) = min(,(€), §,(£)) : Vx: |x| <8(e) = |V(s, x)l <€, Vi20

(2.18)

Thus, if the conditions of Proposition 2 are satisfied, the function V{(¢, x) tends to an infinitesimal upper
limit. But then, in view of conditions 1 and 2, it follows at once from Lyapunov’s stability theorem that
the equilibrium xy = 0 is uniformly stable. In other words, a number fj exists such that the trajectory
x(t; F, ¥) V& € By is continuable to the entire time axis R{; and

Ve In(e)<n, n(e)<e:Vx:|x<n(e), Vi20 |x(r;7,%)|<e, V27 (2.19)

We shall now show that any trajectory of system (1.1) emanating at some instant of time from a point
of the sphere

Byeyny = {x:1xd <m(ge/2)}

will tend to the point xy = 0 as t — +eo (here n(g) is the function defined in (2.19) and g, > 0 is the
number occurring in the assumptions of Proposition 2).
Suppose the contrary: a point £ and a time 7 = 0 exist such that

I3 <n(gg/2) 1 30 : VE>T Fryy >k |xltyy 1, 3)|>8 (2.20)
Conditions (2.19) and (2.20) taken together give
€/2> [x(tyy 1, %) > 8 VEk>1 (2.21)
Therefore, the sequence of points x(ty; 2, £), ; > k > 7 has a partial limit x;:
Fk(m) :NoN: 1) = 1y, m = 1,5 (k(s)>? Vs)

- a 222
x(tfnl), t, i)m—jmxl, 80/22|x1| 28 ( )
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Since the sequence {z{)} satisfies the condition {r} .. > as a subsequence of the sequence
{tx}, —_ <o, and since each of the points x(¢{D; 2, %) lies on the semi-trajectory x(t; 2, £), ¢ > 7, condition
(2.20) means that one can define for the trajectory x(z; 7, 2) a non-empty o-limit set

n(}, %) C B p B,, x emn(5) (2.23)

as follows from condition (2.19) in view of the condition [%| < n(gy/2) in (2.20).

There are two possible cases: the set (2.23) consists of a single point x; (Case 1) or of more than one
point (Case 2).

Consider Case 2.

Let x = x, be any point of the set (7, £) distinct from x;.

We have

{‘”} e {x(1?; 1, D} = x (2.24)

Then, reasoning from the convergences (2.20), (2.24), the uniform convergence V{z, x) 2.V (x)in
the domain B, the inclusion relation n(Z, £) C B, (2.21), and also from condition 1 in view of the

condition V¢ = ix(t; 1, 2) € Be,, we deduce as in the proof of Proposition 1 that
V*(xy) = V¥(x,) (2.25)

If Case 1 holds, this equality is automatically true. Hence Eq. (2.25) will always hold, irrespective of
which of cases 1 or 2 takes place.

It now follows from the fact that the function W(x) is positive-definite in the domain By, in view of
the condition gy/2 > §, that

38>0:¢c2> x| >5 = W) > ¢

where & > 0 is the number from (2.20).
Hence, in view of the right-hand inequality of (2.21) and by condition 2,

VS 21 8 ) 2 Wil 1, 1)) > @ (2.26)

From the condition V{¢, x) :; 17*(x), taking account of the conditions (2.22) and {t(l)} —_ o, we infer

[—>o0
RO
V(5 x(t, s %, 0)} = V¥(x)

where x; is the point from condition (2.22). But then, by virtue of inequality (2.26), it is necessarily true
that

V¥(x)) = ¢f ;28>0 (2.27)

As a result, we deduce, on the basis of Eq. (2.25) and the inclusion relation (2.23), that for the trajectory
x(t; , &), where (Z, £) are the initial data from condition (2.20), and its ®-limit set (2.23), all the conditions
of Corollary 1 to Lemma 1 are satisfied. Consequently, all the points of the set (2.23) satisfy algebraic
system (2.1) with a number ¢ = cz’}’ 3 which is positive by condition (2.27).

But this contradicts condition 3, that is, assumption (2.20) is false. Therefore,

x(6;5%) = x5 = 0V, |3 <n(gy/2), Vi20
t—> +oo

which, together with condition (2.19), completes the proof of Proposition 2.

In the special case of an autonomous system, Proposition 2 becomes the corollary obtained from
Proposition 1a if condition 1 in the latter is replaced by the condition V(x) < 0, Vx € B, condition 2
by the condition V' > 0, Vx € B, x # 0, and the conclusion of instability by the conclusion that the
system is asymptotically stable.
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The corollary thus obtained from Proposition 2 for the autonomous case corresponds to
Krasovskii’s asymptotic stability theorem [5, 7].

Examples. 1. For the system

X = x - 2x5+ fi{x)

Xy 4+ 2%+ fo(x)

)
Xy = X3-2x,+ f3(x)

fim e C'(®)
and the function ¥V = (& + x3 + x3)/2, we have

V= (x +Jc2—x3)2+x1f1 +Xyfy+ X313
If
X140 fytxfy = (+x-x) 8(x), g(x) e C(RY)
8(0)=0

then this system necessarily satisfies all the assumptions of Proposition 1a, and the inverse system satisfies all the
assumptions of Proposition 2.
2. We will also consider the system describing a Van der Pol pendulum

X = Xy Ay = —x +px(1~x)% p>0

For the function V = (x3 + x3)/2 we have IV = px3(1 ~ x}), and therefore, in some neighbourhood of the zero
equilibrium position, V' = 0.
System (2.15) can have solutions only at points with x, = 0, but in that case the equation

Vlhoo = 2uxi(1-x3) = 0

will have (in a sufficiently small neighbourhood of x; = 0) a unique solutionx;= 0. Hence x, = 0 is the only solution
of system (2.15), and the equilibrium x; is unstable.
For the inverse system

. , 2
Xy = =Xy, Xy = xp—-wxy(1-xp)

and the function V = (x + x3)/2, as in the previous example, all the assumptions of Proposition 2 hold, and the
zero equilibrium position is asymptotically stable.

2.3. Concerning a supplement to Barbashin’s theorem

We will now consider yet another special case in which all the assumptions of Proposition 2 for the
functions v,(t, x) and some function V{z,x) hold throughout the entire space R”, while the function W(x)
condition 2 satisfies the condition W(x) — +< as |x| — 8.

The following remark, which extends a well-known result of Barbashin [7], holds.

Let x4 = 0 be an equilibrium position of system (1.1), where the right-hand sides of the latter are
functions of class C% ! (Rf; x R"), and let the functions v(t,x) (i = 1, ..., n) converge as t — +oo
uniformly in R” to the functions vj*(x) € C™(R"). Suppose moreover that a function V(t, x) € Cy;*
{R{; x R")} exists which converges at ¢ — +oco uniformly in R” to a function ’*(x) € C™*}(R") and
satisfies the following conditions:

D) V(t,x) <0,V =0,Vxe R

(2) Mt,x) = W(x) > 0,Vt, Vx € R, x #xg; W(xg) = 0; W(x) = +oo;

(3) the algebraic system (2.1) has no solutions in R” for any ¢ > 0.

Then the equilibrium x; = 0 is asymptotically stable in the large [5, 7].

We recall the zero equilibrium position xy = 0 of system (1.1) is said to be asymptotically stable in
the large if it is asymptotically stable and the solution x(z; fo, x'¥') with any initial data (to, x0) in the
phase space Rf;; x R” of system (1.1) tends to the equilibrium x, = 0 as t — +eo.

Indeed, take any point of (¢, x)-space, x(Z, £), £ # xo. By the last part of condition 2

IR = RVER)): W) >V(ED), Vax lxl 2R(VE, )
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Hence, in view of condition 1 and the first part of condition 2,
[x(6; 1, 2 <R(V(E, &), Vizi

Thus, every semi-trajectory x(¢; #, &) of system (1.1) will remain within some sphere Bg; ;) and
therefore has a non-empty w-limit set 7(Z, £). Reasoning now exactly as in the proof of Proposition 2
(from the assumption (2.20) until the end), one obtains the desired conclusion.

For example, for the system inverse to that presented above in Example 1, the equilibriumxy = 0 is
asymptotically stable in the large if

xi fi+x 0+ %305 = (x1+x2-x3)2g(x); g20, Vxe R”
g(0) =0

3. WEAKENING THE SIGN-DEFINITENESS CONDITION FOR THE
DERIVATIVE IN THEOREMS ANALOGOUS TO CHETAYEV’S AND
PERSIDSKII’'S THEOREMS

We note that Lemma 1 may used to weaken the condition that the derivative /' be sign-definite for
system class ¥, not only in the theorems of Lyapunov’s second method in which this condition is required
to hold for all points in some neighbourhood of x, = 0, but also for those where this condition must
hold in some domain ®, xg € ®, which is not a complete neighbourhood of zero.

3.1. A supplement of Chetayev’s theorem

Proposition 3.1. Suppose that, for some system (1.1) of class %, number £, > 0 and a C"'-function
W(t, x): Rfy x B, = R, V¢, 0) = 0, ¥z, which converges as t — +co uniformly in the domain By, to a
function V*(x) € C"*'(B,,), exist such that

(1) Vi =1, V¥ € B, ¥ € {x:V(f,x) > 0} = Vi, %) = 0;

(2) VSEX(S), IX(E)l < §; V(fo, X(é)) > 0;

(3) for any ¢ > 0, there is a neighbourhood of zero in R" in which the algebraic system (2.1) has no
solutions.

Then the equilibrium xy = 0 is unstable.

Proof. Suppose the equilibrium x, = 0 is stable. Then, on the basis of the conditions of Proposition
3.1, it is obvious that all the arguments in the proof of Proposition 1, from the very beginning up until
formula (2.7) inclusive, remain valid in this case also.

We shall now show that here, just as under the assumptions of Chetayev’s theorem, the function
¢, x), defined in the proof of Proposition 1 along the semi-trajectory x(¢; &, x(3)), ¢ = fy, is a non-
decreasing function. ‘

We have

t
) = Vltg, x ) + [V(T; x(T; 1, X)), Ve 21 (3.1)

fo

V(t; x(t; tg, X3

If follows from condition 2 with ¢ = £, that V{zy, x5)) > 0. Let us assume now that this condition fails
to hold at some point of the semi-trajectory x(z; fo, X3)):

Je> 141 V(5 x(8; 1y, X3 )<0 (3.2)

But the function ¥(z, x) is continuous is the domain R x B., and, since by condition (2.3) the whole
semi-trajectory (¢, x(t; ty, X(3))), £ = ¢, lies within that domain, the function V{z, x) is continuous on the
curve x(t; tg, X)), t = to, in R". Hence, in view of the condition (¥, x5) > 0 and our assumption (3.2),
it follows that

AV > 1y VI, x(1Y; 1y, x

) =0, V(t;x(t;tgx,.))>0, Ve:tg<t<t® (3.3)

(8) Q)
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On the basis of relation (3.1), condition 2 and the first relation of (3.3), we conclude that the segment
of the trajectory (£, x(t; tp, x(3))) and tp < t < 9 contains a point (7, x(7; 1, X@))to <t < 9 at which
the function V(t, x) takes a negative values:

T 1y<i< O V(E (1, %)) <0 (34)
But by the second part of condition (3.3) we have
V(t; x(1; tg, x(s))) >0 (3.5)

But then, on the basis of (2.3), (3.4) and (3.5), we arrive at a proposition contrary to condition 1.
Thus assumption (3.2) must be false. Therefore,

V(t; x(t; tg, x . 0) >0, Vi,

)
whence, in view of the inclusive relation (2.3) and condition 1, it follows that

V(X)) v xs 1, x4 20, Vizi,

This means that V(z, x) is a non-decreasing function along the semi-trajectory x(¢; fo, x3)), ¢t = to. But
then, as is really seen on the basis of the assumptions of Proposition 3, the whole proof of Proposition
1, beginning with formula (2.8) inclusive to the end, can be repeated here verbatim.

Thus, the stability assumption is false and the equilibrium x, = 0 is unstable, which it was required
to prove. : '

Remark. In the above proof it was implicitly assumed that, for every value of t = 7 = ¢,
{x: V(1 x)>0,[xl <gg} =D

But this condition was not stipulated in the statement of Proposition 3.1. The fact is, however, that it is not
necessary. Indeed, otherwise, as follows from obvious arguments similar to those used in the proof of Proposition
3.1, it would follow from the assumptions that the trajectory x(¢; o, x(5)) cannot be continued for every 8 < 3(gg/2,
tg) to the entire time axis R{,;. But this means that the equilibrium x, = 0 is unstable.

Proposition 3.1 is a certain extension of Chetayev’s theorem to systems of class .
The autonomous case. In the autonomous case Proposition 3 becomes the following

Proposition 3.1a. Letxy = 0 be an equilibrium position of the system. Suppose for system (2.14) that
function V(x) € C™*!(B,), m = 0, V(0) = 0 exists, such that, everywhere in a domain {x: V(x) > 0,
|x| < €} such that the point x; is on the boundary of the domain, the function V'is non-negative, while,
for any ¢ > 0, there is a neighbourhood of zero in which the algebraic system (2.15) has no solutions.
Then the equilibrium x; = 0 is unstable.

The relationship between Proposition 3.1a and Chetayev’s theorem for the autonomous case is the
same as between Proposition 1.1a and Lyapunov’s first instability theorem for the autonomous case.

For example, for every system of the form

X = fi(x), xeR', f(0)=0Vi=12..,n [i(x), 5,20,

fi(x)e C"RM Vi=1,..,n
which moreover has the property that the algebraic system {D'f,(x) = ... = @"f,(x) = 0} has a unique
solution x = 0, all the assumptions of Proposition 3.1 hold for the function ¥V = x,, and the zero
equilibrium positions of all such systems are unstable.
3.2. A supplement to Persidskii’s theorem

Clearly, Lemma 1 may also be used to weaken the condition that the derivative V be sign-definite in
other theorems of the second method.
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In particular, this may be done for those theorems in which it is assumed that a certain sector o exists
(where the term “sector” is understood henceforth as a domain in the sense defined by Persidskii [6]).
For example, we have the following

Proposition 3.2. Let system (2.14) have an equilibrium position xy = 0.

Suppose for system (2.14) that a sector o [6], xy € ®, exists defined in the domain B, and a function
Vix) e C""Y(B,,), m =0, V(0) = 0, such that

(1) V(x) = 0Vx e o,x € By

(2) VSE[X(;;), IX(S)I < 0, X) € : V(X(E)) > 0;

(}3) for any ¢ > 0, the algebraic system (2.15) has no solutions in the domain {x:|x| < gy, x € @} C
R}

Then the equilibrium x; = 0 is unstable.

Proof. Suppose the contrary. Then a number dy > 0 exists such that
Vxe B lg'(0)] <ey2, Vi20

where g(x) is the phase flow of system (2.14) and &, is the number in the condition of Proposition 3.2.
Hence, for every point x5 occurring in condition 2 we have, if § < &,

lg'(xs)| <€0/2, V220 (3.6)

Now fix some number § = § < §; and consider the trajectory g’(x(s)), ¢t = 0. By condition (3.6), for
the trajectory g'(x3)) the following w-limit set exists

TC(X(S)) =0, TC(X(s)) C 360/2 (37)
Based on the definition of the sector o [4], we conclude that any trajectory emanating at ¢ = 0 from
an interior point of the domain

xixe o (x| <&}

may leave the domain only through the boundary |x| = &. But by condition (3.6) this is impossible for
the trajectory g'(x3)) (see condition 2). We therefore have

g'(x(s)) € V20 (3.8)

We now conclude from conditions (3.6) and (3.8), by virtue of condition 1 of our proposition, that
along the trajectory g(xs)), ¢t = 0, the function V(x) is a non-decreasing function. But then it follows
from the definition of a limit set, the continuity of the function /(x) in the domain B, and condition
(3.6) that

Vxj e m(xs), x,€ n(x

& V(x)) = V(x,), Vi20 3.9)

@)
Therefore, by inclusion (3.7) and Eq. (3.9), all the assumptions of Corollary 2 to Lemma 1 hold for the
limit set n(xg)) of the trajectory g’(x(g)) of system (2.14). Thus, all the points of the set nt(x)) satisfy
system (2.15) with some ¢ = V(x3)) > 0 and moreover, by condition (3.7) and (3.8), they belong to the
domain {x: x € ®, |x| < g}. But this contradicts condition 3, so that the assumption is false, and the
equilibrium position x; is unstable, which it was required to prove.

For example, in the system x; = xp, X = =t + ax%, a > 0, the instability of the equilibrium position
xo = 0 follows from Proposition 3.2 with sector ® = {x, > 0} and the function V' = x;.

Proposition 3.2 may also be extended to the non-autonomous case for class ¥ of systems (1.1).

In conclusion, we note that “the sphere Bg,” in all the propositions formulated above may naturally
be replaced by “some neighbourhood to zero in R" (this is unimportant).

The condition v(t, x) € Cor ' (R} x B,) may also be replaced throughout the text by the condition

v, x) & C(R{;; X Bg); v(t,x)e Lip(L), i=1,..,n
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In Propositions 1, 3 and 3.2 the condition V(t,x) € Ck {(RE} x B,,) may be weakened to V(t,x) €
C(R{y x B,), together with the condition that the function (¢, x) be defined everywhere in the domain
R{; x B,
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